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ABSTRACT 
Let L be a unimodular lattice over the Hasse domain R of a global field F with 
characteristic not two, O(L) the orthogonal group of L, and O’(L) its spinorial kernel. 
Assume rank L > 3. The quotient group O(L)/O’(L) is described, and when L is a 
free even lattice with hyperbolic rank at least two, it is shown that O’(L) is generated 
by elementary transformations (with exceptions when only one prime spot of F is 
omitted in defining RI. 
1. INTRODUCTION 
Let F be a global field with characteristic not two, fi the set of all 
nontrivial prime spots on F, and S a Hasse set of finite prime spots with 
162 - SI > 1 and finite. Denote by R = R, the associated Dedekind ring of 
integers at S. Let V be a regular quadratic space over F, of finite dimension 
n > 3, with quadratic form 9 : V + F and associated bilinear form 
f(x,y)=q(x+y)-9(x)-q(y), x,y=V. 
Assume that V supports a unimodular R-lattice L; it is not assumed that 
9(L) z R. Thus L is self-dual with respect to the form f, so that I, = 
lx E Vlf(x,L)~ R). Let O(V) be th e orthogonal group of V, O’(V) the 
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spinorial kernel, and O(L) the integral orthogonal group of L. Set O’(L) = 
O(L) n O’(V). Our first aim is to describe the quotient group O(L)/O’(L) in 
terms of the ideal class group of R, the group of S-units, and the dyadic 
primes. When L is definite, only a bound for [O(L):O’(L)] is given, but in 
the indefinite case, that is, when the localization V,, is indefinite for at least 
one p E R - S, the description is more precise. Secondly, assuming that L is 
even and free with hyperbolic rank at least two, we show that O’(L) is 
generated by elementary transformations (there are exceptional situations 
when ]R - S] = 1). These elementary transformations are the Eichler isome- 
tries. If L = H _L M, where H = Ru + Ru is a free hyperbolic plane and 
x E M with y(x) E R, then 
E(u,x)(y) = y -f(u>y)x +f(x>Y)u -4(x)f(“,y)u, yEL, 
is an Eichler transformation. Denote by EO(L) the subgroup of O(L) 
generated by all Eichler transformations in O(L) (H may change). Then 
EO( L) C_ O’(L), and we give conditions that ensure EO(L) = O’(L). 
2. THE QUOTIENT GROUP O(L)/O’(L) 
Let 0 : O+(V) + F*/ F*’ denote the spinor norm on the proper orthog- 
onal group O+(V). S’ mce (p2 E O’(L) for all cp E O(L), the quotient group 
O(L)/O’(L) is an elementary abelian e-group; we wish to determine its 
order, or the index [O(L): O’( L)]. This will be done through a sequence of 
homomorphisms. 
Let C(S) denote the ideal class group of R,, and C,(S) the subgroup 
generated by elements of order two; set h,(S) = lC,(S)]. Moreover, let C,(V) 
be the subgroup of those ideal classes c(A) in C,(S) where A is an ideal 
with A2 = CR,, c E R,, and cp is positive for all real archimedean p where 
the localization V,, is definite; set h,(V) = IC,(V)]. Let u = u(S) be the group 
of S-units of R,, and u(V) the subgroup of those units that are positive at 
the real primes p E R - S where VP is definite; set pm(S) = [u :u”] and 
p,(V) = [u(V): u(V)‘]. It follows from the generalized Dirichlet unit theo- 
rem (see [7, 65:6]) that p,(S) = 2”, where s = 1R - Sl. 
Let 6(L) denote the set of dyadic primes where L, contains a primitive 
element y with ord, 9(y) odd, and q(y)-l E R,; put d = IS(L Clearly, 
when L is an even unimodular lattice, namely when q(L) c R,, the set 6(L) 
is empty and d = 0; in particular, this is always the case when F is a function 
field. 
GENERATORS FOR ORTHOGONAL GROUPS 103 
THEOREM 1. Let L be a unimodular lattice on a quadratic space V of 
dimension n z 3. Then 
[O(L):O’(L)] <2”+‘h,(v)~$‘) 
Proof. Clearly [O(L):O+(L)] =G 2. Let cp E O+(L) and O(cp) = cF*’ 
with c E R nonzero. Then CR = A”B with A, B ideals in R and B square-free. 
Note that B is uniquely determined for cp, but A is not. The localization p,, 
of cp at the prime p E S lies in the local group O+(L,). Since L, is 
unimodular, O(L,) is generated by symmetries about elements in L, of unit 
length when p is nondyadic. It follows from O(cp,) = cF,*’ that ord, c is 
even at all nondyadic primes and only dyadic primes can occur in the 
factorization of B. Moreover, if ord, B = 1 for some dyadic prime p, it 
follows from [S] that O(L,) contains a symmetry about a primitive element y 
in L, with q(y)-1 E R,) and ord,) q(y) odd; hence p E 6(L). Therefore, 
there exists a homomorphism 
(Y:o+(L) + (&-II,a”““fn~P) = 0 or 1) 
defined by (Y((P) = B. Let O*(L) be the kernel of (Y. Then [O+(L): O*(L)] =g 
2”, where d = IS(L 
Next, if cp E O”(L), then O(cp) = cF*” with CR = A’, and c(A), the class 
of A, is uniquely determined for cp. Moreover, for any real archimedean 
prime where V,, is definite, c,? must be positive. Since c(A)” is trivial, there 
exists a homomorphism 
p:o*(L) + C,(V) 
defined by p(cp) = c(A). Let Op(L) be the kernel of p. Then [O”(L):OB(L)] 
<h,(V). Finally, consider cp~O~(Lj. Then @(cp)=cF*’ with c~u(V). 
Hence 
[OP(L):O’(L)] +(v):u(v)“] =/J,(V), 
and the result follows. n 
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LEMMA. Let L be a unimodular lattice on an indefinite quadratic space V 
with dimension n < 3. Then 
O”(L)/OP(L) =Cc,(V). 
Proof. We show that the homomorphism p defined in Theorem 1 is 
surjective. Take an ideal A with A” = CR, c E R, and cP > 0 for all real p 
with VP definite. By Satz A in [4] there exists + E O+(V) with @(+!I) = cF*". 
We now use the strong approximation theorem on O’(V) (see 151, or [7, 
104:4]). Let T be the finite set of p in S where ]]+!~]l,, # 1, or ord, c # 0. 
Since n 2 3 and ord, c is even, there exist 8,) E O+(L,,) such that O(fI,,) = 
cF*’ for each p 
exrsts 9 E O’(V) 
ET (by [7, 93:20]). Therefore I,!-‘0, E O’(V,,), and there 
with 11~ - r,!-‘e,]l,, <E for p E T, and ]]cJJ/]~ = 1 for all 
remaining p E S. For sufficiently small E > 0, I& is close to 0,) for p E T, 
and hence $cp E O+(L,). For any p E S - T, Il~,@ll, < ll~ll,ll~llp = 1. There- 
fore +p E O+(L). Also @(t,!~cp) = cF*‘, and since CR = A”, it follows that 
I,!J,CP E Oa(L). Then p($(p) = c(A) and p is surjective. 
THEOREM 2. Let L be an even unimodular lattice on an indefinite 
quadratic space V of dimension n > 3. Then 
Proof. Since L is even, namely q(L) c R, it follows that d = 0 and 
O+(L) = O”(L). By the Lemma [O+(L):Op(L)] = h,(V). Let E E u(V). By 
[4] there exists $ E Of(V) with @(I/J) = eF*‘. Since L is unimodular, there 
exists 8, E O+(L,) such that 0(0,,) = eF,*’ for each p E S. Using the strong 
approximation theorem, as in the Lemma, there exists cp in O’(V) such that 
I,@ E Op(L) and O(+cp) = eF*“. The result follows, since O+(L)/O’(L) is 
an elementary abelian 2-group. n 
REMARKS. This theorem essentially determines the image of the map 
@:0+(M) + Disc(R) in [l, Theorem 7.2.211 when R is a Hasse domain. 
Our definition of O’(L) is different from that of O’(M) given in [l, p. 4071, 
but it can be shown they determine the same object. 
The above results are closely related to work of Kneser [4, 51. Theorem 2 
also describes Oa(L)/O’( L) f or any indefinite unimodular lattice L. The 
quotient 0+ (L)/O*(L) is more difficult to analyse; we only consider a 
special case. Let L(k, n - k) denote the free R-module with an orthogonal 
basis r,, . . .,x,, where f(xi, xi) = 1 for 1 < i < k and f(ri,xi) = - 1 for 
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k + 1 < i < n. For convenience, assume 2k 2 n. The orbits of O’(L) acting on 
L = L(k,n - k) are studied in [3]. 
THEOREM 3. If L = L(k, n - k 1, then S(L) is the set of dyadic primes p 
jbr which ord, 2 is odd. In particular, O+(L) = Oa(L) afund only if ord, 2 
is even for all dyadic p E S. 
Proof. We must show that L(k, n - k),, contains an element y with 
9(y)- ’ E R, and ord, 9(y) odd if and only if the ramification index e,, = 
ord,)2 is odd. Put x = &xi, so that f(r,r)= 2k - n. If n is odd, f(x,x) is a 
local unit for any dyadic prime, and L(k,n - k), = E, I R,x, where E, is a 
unimodular lattice. Moreover, E, is even, for if z = Ciaixi E E,,, then 
0 = f<x, 2) = Iiai mod 2R, and hence 9(z)~ R,,. It is clear that the 
required y exists if and only if ord, 9(x) = e,, = 1 mod 2. If n is even, by 
utilizing the above, 
L(k,n-k),= L(k -1, n-k),IR,x,=E,IR,,xIR,x,=E,~I 
with E, even and c an even integer; again the result easily follows. If there 
exists p E S with ord, 2 odd, let p be the product of the symmetries about 
x1 + x2 and xr. Then cp E O+(L) and cp P O*(L). W 
3. THE GROUP O(H I Hl 
The orthogonal group O(H I H) over an integral domain was studied 
in [2]. These earlier results will now be improved in the present setting. 
Let L = H, I H,, where each Hi = Rui + Rvi is a hyperbolic plane with 
f(ui, vi) = 1 and 9(ui) = 9(vi) = 0. 
Let 9 be the subset of GL(2, F)X GL(2, F) consisting of all ordered 
pairs of 2 X 2 matrices (P, Q) with det PQ = 1. Let 
then det X = W - YZ can be taken as the quadratic form 9 associated with 
the hyperbolic space V = H _L H over F. The linear transformations defined 
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by X e PXQ and X e PX’Q (where X’ denotes the transpose) will now be 
isometries in O(V). In particular, we have the symmetry 
Also, for u, b, c, d E F with ad - hc = e-l f 0, the transformations 
will generate a subgroup of O(V) isomorphic to GL(2, F). These transforma- 
tions, together with @, generate O(V). Th e subgroup O+(V) is generated by 
the transformations I and their conjugates under @ (since det @ = - 1, there 
must be an even number of @). Th e integral group O(L) over R is the 
subgroup of R-integral transformations in O(V). The pair (P, Q) E 9 with 
P =(pij) and Q =(ykl) d m uces an integral transformation if and only if 
pijqk, E R for all 1 < i,j, k, I < 2. Let G’ be the subgroup of O(L) generated 
by the I z i 
! 1 
with a, b, c, d E R and ud - bc = 1, and their conjugates 
under @. We prove that G’ = O’(L). Let G” be the integral subgroup 
generated by G and the transformations I : 
( 1 
y where E is an S-unit. We 
show that GP = OB(L), in the notation of the previous section. Let G be the 
integral group generated by GP and @, so that [G : GO] = 2. It is shown in 
[2] that G is normal in O(L) and O(L)/G z C,(S). Since L is an even 
lattice, we already know that 6(L) is trivial and O+(L) = Oa(L). 
THEOREM 4. The integral group O’(H, I H,) is generated by the trans- 
formations 
with a,b,c,dER and ad-bc=l 
and their conjugates with respect to the symmetry a. Furthermore, if 
Is1 - S] > 2, or if R is a euclideun domain, then 
0’( H, _L H,) = EO( H, A_ H,). 
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&wt?f. First we show that r 
( ) 
z i is in the spinorial kernel O’(L) 
whenever ad - bc - 1. It suffices to work over F, and hence we only 
needed to generate SL(2, F), namely 
The element r is the Eichler transformation 
has spinor norrnOonef The symmetry @ interchanges 
that G’ E O’(L). 
The map 
ECU,, bu,) and hence 
ur and or. It follows 
r; y, ( 1 E E u(S), 
responds to the product of symmetries about EU~ - v 1 and u 1 - vl and 
hence has spinor norm EF*‘. Thus GP c Op(L) and, moreover, [GB : G’] = 
[u : u2] = )I&). It fdlows from Theorem 2 that [o(L): O’(L)] = [o(L): G'l < 
wandhenceG’= O’(L). Then GP = Op(L). It is known from Vaserstein [lo] 
(see also (1, 4.3.101) that SL(2, R) is generated by elementary matrices when 
[iI - S] > 2, or when R is a e&dean domain. The elementary matrix 1 b 
( ) 0 1 
corresponds to r 
1 b 
( ) 
, an Eichler transformation. Hence, when JR - S] 2 
2, or when R is a kliban domain, O’(H, I Ha) = EO(H, I Ha). n 
REMARKS. This theorem is closely related to [l, p. 4341 and could also be 
derived from these more general results (our approach ties in with the 
groups of the previous section); see also the comments following (4.3.10) in 
[l] Ibr the caSe Iti- S] = 1. Note that only the Eichler transformations using 
the specific splitting L = H, I H, are needed to generate O’(L). 
The above results can also be expressed in matrix form. With respect to 
the basis ur, ua, u r, u2, the matrix of the bilinear form becomes 
[f]-(y i), where I=(: (I)), 
and the group O(L) consists of all 4 X 4 matrices T over R with Tt[ f ]T = [f 1. 
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with a,b,c,d in R. Then f’(A) corresponds to 
while @ corresponds to 
0 0 1 0 
T(Q) 0 1 0 0 = 
0 0 0 1 
In particular, T(A) E O’(L) if and only if det A = 1. When In - SI 2 2 or R 
is euclidean, by Theorem 4, any T E O’(L) can be expressed as a product of 
matrices of the type 
and their transposes. 
The content of x E L is the ideal C(X) = f(+r, L). 
TIJEOREM 5. The group O(H, I H,) acts transitively on primitive 
anisotropic elements in H, _L H, with the same length. The group acts 
transitively on primitive isotropic elements when C(S) = C,(S). 
Proof. Let x = alul + b,v, + azuz + h,v, have content C(x) = 
(a,, a2, I?,, b,). The coefficients of ur and u2 in Ecu,, cu,Xx) span the ideal 
D(c) = (a, + cb,, a2 - cb,). When 0 f a,b, + a,h, = y(x) E D(c) c C(x), 
there exist only finitely many prime ideals dividing q(r)C(x)-‘, and by 
strong approximation we can choose c E R such that II(C) = C(X) [choose 
c = 1 mod P for those prime ideals P over q(x)C(x)-’ with (a,, a,) c C(x>P, 
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and c E P for the remaining P over y(x)C(xl-‘1. Therefore, if x is 
primitive, we may assume (a,, a,) = R and choose ci, ca in R such that 
aici + aecz = 1. Let 8 be the isometry B(a,u, + uzuz) = ui, 8(c,v, + c,v,l 
= zji, e(- C,?Ui + C,UJ = Ua, and 0(- ua~i + uio2) = 0s. Then /3(x> = 
U, + y(x)u, + bz;, and E(v,,bz;,)e(x)=u,+y(x)v,. Thus there exists 
cp E O(H, I Ha) such that cp(x) = ui + y(r)u,, and the first result follows. 
Now assume x is primitive and isotropic, so that there exists an isotropic 
y with f(x, y) = 1. Then x and y span a free hyperbolic plane H with 
H, _L H, = H I N. Since q(r + y) = 1, after applying an isometry we may 
assume x + y = ui + ui. It follows that r = u,ui + b,v, + uBnZ + h,v, with 
a, + b, = 1. Let A, = (a,, aa), u,R = A,A,, and us R = A,B,, where A, and 
B, are relatively prime ideals. Since a,!?, = - aal?,, it follows that b,A, = 
baB, and hence b,R = BIB,. Therefore, b,R = A,B,. Let z = u,b,(u, - u,) 
+ u:~a + hiu,. Then z E N and y(z) = 0. The content of z is At. Since 
C,(S) = C(S), A”, is principal and N is a free hyperbolic plane. Hence there 
exists cp E O(H, I Hz) such that q(x)= u,, and consequently O(H, _L H,) 
acts transitively on primitive isotropic elements. W 
REMARKS. The proof also gives some information when x is anisotropic, 
but not primitive; this is needed later. Theorem 5 can also be stated as a 
result on equivalence of matrices. A pair of matrices A and B over R are 
equivalent if B = PAQ for square matrices P and Q which are invertible 
over R. In our case, with x as above, 
A=( :;, ;;) and detA=y(x). 
The transitive action of the group O(H, I H,) on primitive anisotropic 
vectors with the same length now corresponds to the equivalence of primi- 
tive 2 X 2 matrices A and B with det A = det B # 0 (so that det PQ = 1). The 
first part of Theorem 5 now becomes a special case of the general results in 
[6, Theorem 1.21 and [9]. 
EXAMPLE. The group O(H, I H,) need not act transitively on primitive 
isotropic elements when C(S) # C,(S). Let F = Cl(G) and R be its ring 
of integers; F has class number 3. Let 2a = (l- \/-23) E 2R, x = 324, - 
2v, + au, + uvs, y = Ui + vi - X, and z = 3u(u, - u,)+9u, + uavs. Then 
C(z) = (3, aI2 is not principal, and no isometry in O(H, I H,) can carry x to 
ui (N is not the sum of two isotropic free modules). 
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4. ELEMENTARY TRANSFORMATIONS 
Now assume that L is a free even unimodular lattice with hype&&c 
rank at least two, that is, there is an orthogonal splitting L = H, I H, I M 
where M is free and unimodular, and each Hi = Rui + Rui is a hype&& 
plane. We prove the following. 
THEOREM 6. Let L be a free even unimodztlccr lattice with k~rbolic 
rank at least two. Then O(L) is generated by O(H, I H,) and EO(L). 
Furthermore, qeither IR - SI > 2 or R is a EuclideeM1 domain, thert O’(L)- 
EO(L). 
Proof. The second part of the theorem follows from Theorem 4, and 
hence we need only prove that O(H, I H,) and EO(L) generate o(L). Let 
xl,. .,x,., with r = n - 4, be a basis for M, and yr,. . . , y, the dual basis, so 
that f(xi, yj) = a,,. Choose these bases so that all yi are anisotropic. Let 
cp E O(L), and assume cp(xj) = xj for 1 f j < s - 1, where s G r. It suffwes to 
prove that we can change cp by isometries in O(H, I H,) end EO(L) that AX 
xj, 1 < j < s - 1, to get cp(x,) = x,. Let C&X,) = to + x, vb+ere W = ~2~48~ + 
b,v, + azuz + b,v, and x = crxr + . *. + c,x,. When q(w) + 0, by the prd 
of Theorem 5, we can change (p by an element in O(H, I H,) arid @t 
C(w) = (aI, az>. For i z s, 
and the component in H, I H, now becomes 
Hence w can be adjusted so that a, # 0 and q(w)+ 0. Note that E(o,, f yi) 
fixes xj, 1 <j < s - 1. Since 
$7(x, - CIXl - . . . - c,-1X,-l) - w + c,x, + . *. + cp, 
is primitive in L, rp can be changed by elements irn O(H, A H,) md EM&l 
that fix xr,...,~,_~ to get first C(w)= A, tkea w - a1 + bu,. Fidy, 
Ecu,, - y,)E(u,, x - x,)qp(x,) = xsr and the rest& foilo*vr, &we f(#,, xj) * 8 
and f(x - xs, xi) = 0 for 1~ j G s - 1. I 
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REMARKS. When R = Z this theorem is contained in Wall [12]. There 
are also results for hyperbolic rank at least three in [I] and [ll]. When h(S) 
is odd, so that C,(S) is trivial, it can be shown that O’(L) is generated by 
isometries E(u,,x) and E(v,,y) with x, y E H, _L M, provided that 
Ifi - SI > 2 or R is a euclidean domain. 
The author would like to thank Alex Hahn and the referee for helpful 
comments on the material in this paper. 
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